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Abstract-We have calculated analytically the temporal 
autocorrelation function of the electric field component of 
multiply scattered coherent light transmitted through an 
anisotropically scattering mediuma irradiated with a plane 
ultrasonic wave. The accuracy of the analytical solution is 
verified with an independent Monte Carlo simulation. The 
analytical model shows that an approximate similarity rela- 
tion exists. 
Keywonls-Ultrasonic modulation, multiply scatterd 
light, autocorrelation function, Monte Carlo. 
I. INTRODUCTION 
Recently ultrasound-modulated optical tomography has 
been established as a new and growing area of research. 
Potential applications exist in the imaging of scattering 
media, especially biological tissues. This technique com- 
bines ultrasonic resolution and optical contrast based on 
the differences in optical properties among different types 
of tissues. Several groups have conducted intensive re- 
search in the past few years [l-101 in an attempt to explain 
the mechanism of ultrasonic tagging of light and to develop 
practical systems based on this new imaging modality. 
In our simple model we will consider two basic mech- 
anisms that are responsible for variation in the optical 
phase of multiply scattered light: the ultrasound-induced 
collective displacements of scatterers and the ultrasound- 
induced variation of the index of refraction [8],  [9], 1101. 
In this paper we extend the solution for the temporal 
autocorrelation function of the electrical field component 
for isotropic scattering media obtained in [8], incorporating 
into the model a general scattering phase function. Sec- 
tion I1 describes the derivation of the autocorrelation func- 
tion along paths of length s. In Section 111, the obtained 
expression is incorporated into the solution for the total 
electric field autocorrelation function transmitted through 
a scattering slab. We examine the accuracy of our analyt- 
ical solution with an independent Monte Carlo simulation. 
Finally, a brief summary of our conclusions is presented. 
11. AUTOCORRELATION F R A SINGLE PATHLENGTH 
Consider the propagation of coherent light through a 
homogeneous scattering medium irradiated by a plane ul- 
trasonic wave. In a weak scattering approximation the 
temporal autocorrelation function of the electric field com- 
ponent of the scattered light at the point detector position 
can be written as follows [7], [SI, [IO]: 
where p ( s )  is the probability density function of path 
length s. In (1) we assume that contributions from Brow- 
nian motion ( B )  and ultrasound ( U )  are independent and 
that we can separate them. 
Following the derivations in [8] ,  [lo], we can write: 
(ES(t)ES(t + = exp(-F(r)/2), (2) 
(3) 
In (3), A#n,j(t,T) and A+d, j ( t ,~)  are respectively the dif- 
ferences between phase variations induced by the modu- 
lated index of refraction along the j t h  free path, and by 
the modulated displacement of the j t h  scatterer follow- 
ing the j t h  free path [8]. Summation is going over all N 
free paths (represented by vectors l3 = 13e3) and N - 1 
scattering events (at positions rj) along the photon path. 
Averaging is over time and over all the photon paths of 
length s. 
The probability density function ~ ( 1 1 ,  ..., 1 ~ )  of a partic- 
ular photon path in diffusion regime can be approximated 
as follows 
n N-1 
? J ( l l , . . . , 1 N )  = p s ( e l )  np(13)  rl[ f(ej 'ej+l), (4) 
3=1 J=1 
where p(13)  = 1-' exp(-13/1) is the probability density of 
a photon free path, I is the photon mean free path, f() is 
the scattering phase function, and p s ( e l )  is the probability 
density function of the starting photon direction & I .  
After going through some algebra, equation (3) becomes 
F ( T )  N ~(2nokOA)~sin~(w,~/2)(6, + &). ( 5 )  
In ( 5 ) ,  no is the index of refraction, IC0 is the optical wave 
vector, A and w, are the ultrasonic amplitude, and angular 
frequency. Terms 6, = g2k:l 8 and 6d = (l-g)/(3l) repre- 
sents respectively the index of refraction and the scatterer 
displacement influence on the autocorrelation function. ka 
is ultrasonic wave vector, g is the scattering anisotropy, 
and 77 is equal to ( d ~ / / b p ) p g  (v, is the acoustic velocity, p 
is medium density, and a g / a p  is the adiabatic piezo-optical 
coefficient). R represents the real value of the (0,O) element 
of the matrix j ( f  - j)-': 
J,,, = M T(s)P,(z)P,(s)dz. (6) 
-1  
In ( 6 ) ,  T ( z )  = l / ( l - i k a l ) ,  M 2  = gmgn(2rn+1)(2n+1)/4, 
P3(z)  is Legendre polynomial of order j ,  and g3 is the j t h  
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Fig. 1. The IcJdependence of the maximum variation of the time 
autocorrelation function while k, is kept constant. Empty squares 
indicate the Monte Carlo results. Solid lines indicate the analytical 
results. Filed squares indicate the analytical results as well but using 
the similarity relation (L / l  = 127.35, g = 0.9, A = 0.1 A, Xo = 500 
nm, no = 1.33, fa = 1 MHz, v, = 1480 m/s, T )  = 0.3211). 
0 
Legendre polynomial expansion coefficient of the scattering 
phase function. 
III. AUTOCORRELATION FOR A SLAB 
Slab geometry has been considered previously for various 
particular problems [7-131. We will solve (1) for anisotrop- 
ically scattering and absorbing media based on the expres- 
sion for F ( 7 )  obtained in the previous section. 
One side of the slab is irradiated by a plane electromag- 
netic wave, and a point detector measures the temporal 
autocorrelation function of the electric field on the other 
side of the slab. We can solve the integration in (1) over 
s for the temporal autocorrelation function incorporating 
the influence of Brownian motion of scatterers [7], [lo], [12] 
and expression for F ( 7 )  obtained in Sec. 11. The photon 
path length probability density function p(s)is found by 
solving the diffusion equation for such geometry [8] ,  [ll], 
[13]. The result of integration is: 
Gi(7) = [sh (LoK) / sh  (zoK)] [sh (.ow) / sh  (LOW] . (7) 
In (7), W 2  = (Su + SB +pa) D-', Sg = 27/(701*) is the 
term due to Brownian motion (70 is the single-particle re- 
laxation time), and Su is the term due to the ultrasonic 
influence Su = F ( 7 ) / ( 2 s ) .  K 2  = paD-', where D = 1*/3 
is diffusion constant, I' = 1/(1- g) is the isotropic scatter- 
ing mean free path, and pa is absorption coefficient. The 
distance between the extrapolated boundary and the cor- 
responding real boundary of the slab is l'y (y = 0.7104). 
The converted isotropic source is one isotropic scattering 
mean free path into the slab. Therefore, LO = L + 21'7 ( L  
is the slab tickness), and zo = 1*(1 + 7). 
To provide an independent numerical approach, we mod- 
ified the existing public domain Monte Carlo package [9), 
[14] for the transport of light in scattering media, to sample 
the autocorrelation function according to (1) and (3). 
Fig.1 shows the kal dependence of the maximum varia- 
tion of the time autocorrelation function in a case when 
scattering anisotropy is 0.9. The analytical predictions 
(solid lines in Fig.1) fit the Monte Carlo calculations 
(empty scatterers) very well. Further, analytical predic- 
tions according to similarity relation (filled scatterers) also 
fit very well both hlonte Carlo calculations and analytical 
predictions. In the latest case, we used analytical solu- 
tion for the autocorrelation function in a case of isotropic 
scattering [8] ,  with the reduced photon mean free path 
IV. CONCLUSION 
In conclusion, we presented an analytical solution for 
the autocorrelation function of the ultrasound-modulated 
electric field along a path with N scatterers when scat- 
tering is anisotropic. An analytical solution was found 
for light transmitted through a scattering slab using the 
plane source and the point detector. Using a Monte Carlo 
simulation, we verified the accuracy of the analytical so- 
lution. We also tested the similarity relation and showed 
that it is a good approximation in the calculation of the 
autocorrelation function. Our analytical solution is valid 
under the following conditions: diffusion regime transport, 
a small ultrasonic modulation, and the value of kal is not 
too small. 
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